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QUANTUM WAVEGUIDES WITH MAGNETIC FIELDS
STEFAN HAAG, JONAS LAMPART, AND STEFAN TEUFEL
Abstract. We study generalised quantum waveguides in the presence
of moderate and strong external magnetic fields. Applying recent re-
sults on the adiabatic limit of the connection Laplacian we show how to
construct and compute effective Hamiltonians that allow, in particular,
for a detailed spectral analysis of magnetic waveguide Hamiltonians. We
apply our general construction to a number of explicit examples, most
of which are not covered by previous results.
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1. Introduction
In this work we study generalised quantum waveguides as introduced in
[HLT15] in the presence of moderate and strong external magnetic fields.
In a nutshell, a generalised quantum waveguide is an ε-thin neighbourhood
of a submanifold, or a boundary thereof. The corresponding Hamiltonian
is the magnetic Laplacian in the interior with Dirichlet boundary condi-
tions, or the Laplacian on the surface. The strength of the magnetic field
is either held fixed or of the same order as the constraining forces, which
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increase in the asymptotic limit ε 1. Our results concern the construction
of effective Hamiltonians, defined only on the submanifold, that provide an
approximation of the spectrum of the full waveguide Hamiltonian for small
ε. Our construction is based on recent results on the adiabatic limit of the
connection Laplacian [HL18] that hold for very general geometries. Here
we analyse the effective Hamiltonians in detail for magnetic quantum wave-
guides and discuss the relevant terms for different energy scales, geometries,
and strengths of the magnetic field.
More specifically, for us a quantum waveguide is an ε-thin neighbourhood
T ε of a smoothly embedded b-dimensional submanifold B c↪−→ Rb+f of co-
dimension f . The size and shape of the cross-section, i.e. the intersection of
T ε with a plane normal to the submanifold, may vary along the submanifold.
Common examples are quantum strips (b = 1 and f = 1), quantum tubes
(b = 1 and f = 2) and quantum layers (b = 2 and f = 1). Additionally, we
consider the case of so-called hollow waveguides, which are modelled on the
boundary of a massive waveguide as just described.
B
c(B)
c
O(ε) T ε
Rb+f
Figure 1. Sketch of a generalised quantum waveguide, modelled
as a thin neighbourhood of a manifold B embedded into an ambient
Euclidean space. The domain of the corresponding massive wave-
guide is the interior of the tube, while the domain of the hollow
waveguide is its boundary, i.e., the surface of the tube.
In the absence of any magnetic field, the properties of freely moving quan-
tum particles are modelled by the Laplacian on L2(T ε) with Dirichlet bound-
ary conditions for massive waveguides, or by the Laplace-Beltrami operator
of the induced metric on the boundary of T ε for hollow waveguides. Since
localised and normalised elements of these domains (apart from the constant
transversal ground state for hollow waveguides) necessarily have derivatives
of order ε−1 in the transversal directions, we will introduce the pre-factor ε2
in front of the Laplacian in order to rescale the energies properly. The effects
of an external magnetic field B = dA, represented by a magnetic potential
A ∈ C∞(T∗Rb+f ), are incorporated by minimal coupling, replacing the flat
connection d by the magnetic connection ∇ε−σA := d+iε−σA. The parame-
ter σ ∈ {0, 1} controls the coupling strength. We refer to σ = 0 as moderate
magnetic fields and to σ = 1 as strong magnetic fields. Thus, on the macro-
scopic scale where the waveguide is of width ε, a moderate magnetic field B
is of order one, while a strong magnetic field B is of order ε−1.
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There exists a vast literature on specific types of quantum waveguides
without magnetic fields, see e.g. [EK15, HLT15] and references therein.
There are significantly less results on the magnetic case. For example,
Ekholm and Kovařík [EK05] consider quantum strips (B = R, f = b = 1) and
Grushin [Gru08] special tubes (B = S1, f = 2), in both cases with magnetic
fields of moderate strength. The more recent work [KR14] of Krejčiřík and
Raymond deals with quantum strips and quantum tubes (B = R, f = 1, 2)
of constant cross-section and moderate as well as strong magnetic fields. Fi-
nally, in [KRT15] the same authors with Tušek treat ε-tubular neighborhoods
of hypersurfaces in Rb+1 in the presence of moderate magnetic fields.
In our approach we are able to treat all these geometries, and actually
much more general ones, in a unified framework. For the case of moder-
ate fields, our main result, Theorem 4.4, states that for any generalised
waveguide the effective Hamiltonian can be obtained by minimal coupling of
the effective non-magnetic Hamiltonian from [HLT15] to an effective vector
potential. For strong magnetic fields the more complicated effective Hamil-
tonian is given in Theorem 5.1. Note that, in both cases, the quality of
the approximation depends on the relevant energy scale of the problem, see
Corollary 3.2 and Theorem 3.3. In Section 6 we explicitly compute and dis-
cuss the effective operators for different types of massive and hollow quantum
tubes (b = 1, f = 2) and for moderate and strong magnetic fields. In par-
ticular, we recover as a special case the effective Hamiltonian of [KR14], cf.
Eq. (33). The general effective Hamiltonians of Sections 4 and 5 can be
easily evaluated also for all other special cases considered previously in the
literature.
As a completely new example, treated in detail at the end of Section 6.5,
let us mention the case of a hollow waveguide T ε modelled on the surface of
a cylindrical tube of varying radius ε `(x) along a smooth curve c : R→ R3
in the presence of a strong magnetic field ε−1B. The resulting effective
Hamiltonian is at leading order
Heff = −∂2x + 12 `
′′
` − 14
(
`′
`
)2
+ 14`
2
(B‖2 + 2∥∥B⊥∥∥2R2) ,
where B‖ and B⊥ are the projections of B|c onto the tangential resp. normal
directions of the curve. The spectrum of Heff is ε-close to the spectrum of
the Laplace-Beltrami operator −∆ε−1AT ε on the surface T ε ⊂ R3 in the sense
that
dist
(
σ(Heff) ∩ [0, E], σ
(−∆ε−1AT ε ) ∩ [0, E]) = O(ε)
for all E ∈ R (see Theorem 3.3 and mind the rescaling of energies by a
factor ε2).
Let us give a slightly more detailed plan of the paper. In Section 2, we iden-
tify the family {T ε}0<ε≤1 (the “tube”) with an ε-independent manifold M
(the “waveguide”) that has the additional structure of a fibre bundle M piM−−→
B, with typical fibre (“typical cross-section”) F given by a compact subset
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of Rf . The corresponding diffeomorphism Ψε : M → T ε is described in
[HLT15, Chapter 2] and lifts to a unitary operator L2(T ε)→ L2(M, volGε).
The magnetic waveguide Laplacian−ε2∆ε−σA on T ε ⊂ Rb+f is thus unitarily
equivalent to −∆ε−σAεGε on L2(M, volGε), with an induced Riemannian metric
Gε on M and an induced magnetic potential Aε ∈ C∞(T∗M). The precise
form of the two last-mentioned objects will be discussed in Section 2.1 and
Section 2.2, respectively. In Section 2.3 we finally show that, after changing
the volume measure, −ε2∆ε−σA is unitarily equivalent to the operator
Hσ = −ε2L (Gεhor, ε−σAεhor)+HV,σ + ε2Vbend
on an ε-independent Hilbert space of functions onM . It is the sum of a hori-
zontal operator −ε2L(Gεhor, ε−σAεhor) that acts “tangentially” to B, a vertical
operator HV,σ (depending on the vertical contribution AεV of the induced
magnetic potential) that acts transversally to B, and the so-called bending
potential Vbend. The operator Hσ is of the general form to which the results
of [HL18] can be applied. The statements resulting from [HL18] concern-
ing the effective Hamiltonian and its approximation properties are discussed
in Section 3. There we also introduce the so-called adiabatic Hamiltonian,
which is in some sense the simplest and most explicit ansatz for an effective
Hamiltonian.
In Section 4 and Section 5, we compute the relevant terms in an asymptotic
expansion of the adiabatic Hamiltonian for moderate and strong magnetic
fields, respectively. The form of these expansions and the approximation
errors depend, among other things, on the energy scale under considera-
tion. We consider energies at distance of order εα above the infimum Λ0
of the spectrum of the non-magnetic vertical operator HV0 = HV,σ
∣∣
AεV=0
for α ∈ [0, 2]. So α = 0 corresponds to energies of order one in units of
the level spacing of transversal eigenvalues and α = 2 to energies ε2-close
to the infimum of the spectrum. Roughly speaking, the spectrum of the
adiabatic Hamiltonian turns out to be ε2+α-close to the spectrum of the
magnetic waveguide Laplacian. Therefore, in the asymptotic expansion of
the adiabatic Hamiltonian terms of order ε2+α and smaller can be discarded.
Whether the interval [Λ0,Λ0 + Cεα] for α > 0 contains any spectrum of
the magnetic waveguide Hamiltonian at all depends on the geometry of the
waveguide.
The main result of Section 4, Theorem 4.4, states that for moderate mag-
netic fields the adiabatic Hamiltonian can be obtained by minimal coupling
of the non-magnetic adiabatic Hamiltonian as computed in [HLT15] to an
effective magnetic potential, for all values of α ∈ [0, 2]. For strong magnetic
fields the adiabatic Hamiltonian is not merely altered by minimal coupling
to an effective magnetic potential, but the effects of the field are more subtle,
see Theorem 5.1 and Corollary 5.2.
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In Section 6 we finally consider the special case of quantum tubes, i.e., the
case b = 1 and f = 2, where the expansions of the adiabatic Hamiltonian
become even more explicit.
2. Generalised Quantum Waveguides
Let c : B → Rb+f be the smooth embedding of a smooth, complete b-
dimensional manifold B into the Euclidean space Rb+f with the standard
metric δ. We have an orthogonal decomposition into vectors tangent and
normal to c(B), that is
c∗TRb+f = TB ⊕ NB. (1)
The Riemannian metric δ and its Levi-Civita connection ∇δ give rise to
• a Riemannian metric gB = c∗δ on B and its associated Levi-Civita
connection ∇gB ,
• a bundle metric δNB = δ|NB and a metric connection ∇NB on NB,
where the metric is obtained by restriction of the Euclidean metric
and the connection is the projection of ∇δ to the subbundle NB.
Suppose that there exists a tubular neighbourhood T r ⊂ Rb+f of c(B) with
globally fixed radius r > 0 that does not self-intersect. This is equivalent to
the requirement that the map
Φ : NB → Rb+f , NxB 3 ν 7→ c(x) + ν
restricted to
NBr :=
{
ν ∈ NB such that ‖ν‖δNB < r
}
be a diffeomorphism onto T r. If this holds, the entire analysis can be carried
out on (a subset of) the normal bundle. This suggests that we view the initial
tube as an ε-independent, fibrewise embedded submanifold $ : M → NBr,
which is then mapped into Rb+f by means of a rescaled diffeomorphism
Φε : ν 7→ c(piNB(ν)) + εν, 0 < ε ≤ 1.
The composition
Ψε := Φε ◦$, 0 < ε ≤ 1 (2)
finally yields the desired change of perspective from the family of ε-thin tubes
{T ε}0<ε≤1 to the ε-independent waveguide M with ε-dependent family of
rescaled pullback metrics {Gε := Ψ∗ε(ε−2δ)}0<ε≤1.
Definition 2.1. Let B
c
↪−→ Rb+f be a smooth, complete, embedded b-dimen-
sional submanifold with tubular neighbourhood T r ⊂ Rb+f of fixed radius
r > 0, and F be a compact manifold of dimension dim(F ) ≤ f with smooth
boundary. Let M
$
↪−→ NBr be a connected submanifold that has the structure
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of a fibre bundle piM : M → B with typical fibre F such that the diagram
M
$- NBr
B
piM
?
1B
- B
piNB
?
commutes. We then call M a generalised quantum waveguide.
c(B)
M
B
T ε
T r ⊂ Rb+f
$(M)
NBr ⊂ NB
B
Ψε
Φε
$
x
x
c(x)
Figure 2. The two embeddings B
c
↪−→ Rb+f and M $↪−→ NBr ⊂
NB allow for the identification of the fixed waveguide M piM−−→ B
with the family of ε-thin tubes T ε ⊂ Rb+f .
We will refer to the fibres Mx := pi−1M (x), x ∈ B, of the bundle M
piM−−→ B
as the cross-sections of the waveguide, being fibrewise submanifolds of the
respective normal spaces NxB. The most interesting examples of generalised
quantum waveguides are given by (see [HLT15, Definition 2.2])
• massive quantum waveguides, dim(F ) = f :
the typical fibre F of M is the closure of an open, bounded and
connected subset of Rf with smooth boundary,
• hollow quantum waveguides, dim(F ) = f − 1:
f ≥ 2 and the waveguideM is the (fibrewise) boundary of a massive
waveguide.
We impose the following uniformity conditions on the geometry of the
generalized quantum waveguide and the magnetic potential:
Definition 2.2. Let M be a generalised quantum waveguide as in Defini-
tion 2.1 and A ∈ C∞(T∗Rb+f ) be a magnetic potential.
(i) We call M a quantum waveguide of bounded geometry (cf. [HLT15,
Definition 3.1]) if
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• (B, gB) is a manifold of bounded geometry (see [Shu92, Appen-
dix A1.1]),
• piM : (M, g)→ (B, gB) is a uniformly locally trivial fibre bundle
(see [LT17, Definiton 3.2]),
• the embeddings (B, gB) c↪−→ (Rb+f , δ) and (M, g) $↪−→ (NBr,Φ∗δ)
are bounded with all their derivatives.
Here, g := gε=1 is the unscaled version of the submersion metric
gε (4) on M and Φ = Φε=1.
(ii) We call the pair (M,A) a magnetic quantum waveguide of bounded
geometry if M is a quantum waveguide of bounded geometry with
fixed tubular radius r > 0 and the restricted one-form A|T r is
bounded with all its derivatives.
These conditions on M are trivially satisfied for compact manifolds and
in many concrete examples, such as “asymptotically straight” or periodic
waveguides.
We will now discuss the geometry of such quantum waveguides in some
more detail, in order to get an explicit expression for the operator Hσ on
L2(M, volg), obtained from the Laplacian on T ε with magnetic potential
ε−σA via Ψε.
2.1. The Pullback of the Riemannian Metric. Let VM := ker(TpiM )
be the vertical subbundle of TM . Its elements are vectors that are tangent
to the fibres ofM . For a massive waveguide, these vectors are tangent to the
fibres of NB, so they point along the normals to B. They are thus naturally
identified with NB by “forgetting the base point”, mapping Tν(NxB)→ NxB
in the obvious way. Thus, in the massive case, VM ∼= NB. This identification
is formalised by introducing the map KNB : T(NB) → NB, which projects
to vertical vectors, orthogonally with respect to δNB, and then uses the
identification above.
The orthogonal complement of the vertical subbundle VM (with respect
to G = Gε=1) is called the horizontal subbundle HM ∼= pi∗MTB. It turns
out that the choice of horizontal bundle does not depend on ε, that is, the
decomposition
TM = HM ⊕ VM,
is Gε-orthogonal for every ε > 0 (see [HLT15, Equation (4.5)] for the massive
case and [HLT15, Lemma 5.2] for the hollow case). The pullback metric Gε
can then be written as the sum of a horizontal and a vertical part. More
precisely, it is of the form
Gε = ε−2
(
pi∗MgB + εh
ε
)︸ ︷︷ ︸
=:Gεhor
+gV. (3)
Here, gV := Gε|VM is the ε-independent restriction of Gε to the vertical
subbundle. The restriction gMx := gV|Mx defines a Riemannian metric on
each fibre Mx of M . Moreover, hε ∈ C∞(T∗M⊗2) is a symmetric (but
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not necessarily non-degenerate) tensor that satisfies hε(V, ·) = 0 for all V ∈
C∞(VM) and encodes corrections to the geometry due to the finite diameter
ε of the tube T ε. Thus, if we define for any vector field X ∈ C∞(TB) its
horizontal lift XH ∈ C∞(HM) as the unique horizontal vector field satisfying
TpiM (X
H) = X, we have
Gε(XH, Y H) = ε−2
(
gB(X,Y ) + εh
ε(XH, XH)
)
,
Gε(XH, V ) = 0 ,
Gε(V,W ) = gV(V,W )
for all X,Y ∈ C∞(TB) and V,W ∈ C∞(VM). The explicit form (3) shows
that the pullback metric Gε may be considered as a small perturbation of
the metric
gε := ε−2pi∗MgB + gV. (4)
We will refer to this metric as the (rescaled) submersion metric, as it makes
TpiM an isometry from HM to TB (up to a factor ε−1), so g := gε=1 is
a Riemannian submersion. We finally mention that the horizontal devia-
tion hε can be computed explicitly from the quantities associated with the
embeddings B ↪→ Rb+f and M ↪→ NB. We have
hε(XH, Y H) =− 2gB
(
$∗ II(·)X,Y )+ ε[gB($∗W(·)X,$∗W(·)Y )
+ δNB
(KNB ◦ ג(X),KNB ◦ ג(Y ))︸ ︷︷ ︸
appears only in the hollow case
]
for all X,Y ∈ C∞(TB), where
• W ∈ C∞(N∗B⊗End(TB)) is the Weingarten map of the embedding
B ↪→ Rb+f and II ∈ C∞(N∗B ⊗ T∗B⊗2) is the associated second
fundamental form II(·)(X,Y ) := gB(W(·)X,Y ),
• and ג(X) is a vertical vector that measures the difference between
the horizontal lifts with respect to the hollow waveguide and its
underlying massive waveguide (cf. [HLT15, Section 5.1] and Eq. (6)
below).
2.2. The Pullback of the Magnetic Potential. In this section we give
explicit expressions for the pulled-back magnetic potential Ψ∗εA, in a specific
gauge. The role of this gauge is to make the effect of the ε-scaling of the
fibres on the magnetic potential more explicit. The idea is the following: On
T ε perform a Taylor expansion of A with respect to the normal directions
Ac(x)+εν = Ac(x) + ενA˜.
By a gauge transformation, we can make the one-form Ac(B) vanish on nor-
mal vectors, turning it into a one-form on the tangent space to B. When
A is written in this way, one sees easily that the leading term is intrinsic to
B. It can thus naturally be integrated into the effective operator and also
commutes with any differential operators acting in the normal directions.
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Lemma 2.3. Let r > 0 and A ∈ C∞(T∗T r) be a one-form with globally
bounded derivatives on T r. Define the function
Ωε : NB
r → R, NxBr 3 ν 7→ Ac(x)
(
εν
)
,
and let AB := c∗A. Then
Aε :=Ψ∗εA− d$∗Ωε = $∗ (Φ∗εA− dΩε) (5)
=pi∗MAB + εAεH + ε2AεV,
where AεH vanishes on the vertical vectors VM , AεV vanishes on HM and
both have globally bounded derivatives with respect to the metric g = gε=1,
uniformly in ε.
Proof. To evaluate dΩε on vertical vectors, take v ∈ Tν(NxBr) = VνNBr
and let γ(t) = ν + tKNBv. Then
dΩε(v) = ε
d
dt
∣∣∣∣
t=0
Ac(x)(γ(t)) = Ac(x) (εKNBv)
By the same reasoning, TΦε(v) = εKNBv, so we have
(Φ∗εA− dΩε) (v) = ε
(AΦε(ν) −Ac(x)) (KNBv)
= ε
(Ac(x)+εν −Ac(x)) (KNBv).
This is clearly of order ε2, and $∗ is a partial isometry. To calculate the
horizontal component, take w ∈ TxB and denote by w# its horizontal lift to
TνNB for ν ∈ NxB. Note that w# = T$(wH) for massive waveguides, but
not in general. We have TΦε(w#) = w − εW(ν)w, see e.g. [HLT15, Section
4.1]. This gives
Φ∗εA(w#) = (c∗A)(w) +
(Ac(x)+εν −Ac(x))(w)− εAc(x)+εν(W(ν)w).
The first term is AB, while the remaining ones are clearly of order ε. As
dΩε = εdΩ1 this proves the claim. 
The explicit expressions forAεH andAεV are easily obtained from this proof.
To leading order we have, for a vertical field V ∈ C∞(VM),
AεV(V )|$−1(ν) = (DνA)
(KNB ◦ T$(V ))+O(ε),
where DνA is the Lie derivative of A in the direction of the (constant) vector
field ν on Rb+f . For the horizontal part, we let X ∈ C∞(TB) and obtain
(for ν ∈ NxB)
AεH(XH)
∣∣∣
$−1(ν)
= (DνA)(X)−Ac(x)
(W(ν)X)+O(ε).
Here, we have used that the vertical vector
ג(X) := ε−1
(
T$(XH)−X#) (6)
has length of order one, see [HLT15, Section 5.1].
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2.3. The Induced Operator. The operator we want to study is the Lapla-
cian with magnetic potential ε−σA of the waveguide. For massive waveguides
this means the Laplacian on the tube T ε, with Dirichlet boundary boundary
conditions. For hollow waveguides this is the Laplace-Beltrami operator on
the submanifold Ψε(M) ⊂ Rb+f , with the induced metric. In both cases,
the operator is, up to a global factor ε2, equivalent to the Laplacian on
L2(M, volGε) with magnetic potential ε−σAε (which is gauge-equivalent to
ε−σΨ∗εA, see (5)), that is, the operator whose quadratic form is given by
〈ψ,−∆ε−σAεGε ψ〉L2(M,volGε ) =
∫
M
Gε
(
(d + iε−σAε)ψ, (d + iε−σAε)ψ
)
volGε
for ψ ∈W 1,20 (M,Gε) (which equals W 1,2(M,Gε) in the hollow case).
It is convenient to work on the ε-independent Hilbert spaceH := L2(M, volg),
where g = gε=1 is the unscaled submersion metric. This will also make many
effects of the scaling and the geometry appear more explicitly in the operator.
The correspondence is given by the unitary map
Uρε : L
2(M, volGε)→ H, ψ 7→
(
ε−bρε
)1/2
ψ,
where
ρε :=
volGε
ε−b volg
=
volGε
volgε
=
volGεhor
volpi∗MgB
(3)
= 1− εϑε, (7)
with ϑε = O(1) in C∞b (M), is the relative density of the two measures. The
factor ε−b is due to the scaling of the total volume and does not play any
role in the operator.
The transformed operator can be split into an horizontal differential op-
erator, a vertical operator (with Dirichlet conditions), and an ε-dependent
potential.
Hσ := Uρε
(−∆ε−σAεGε )U †ρε (8)
= ε2L
(
Gεhor, ε
−σAεhor
)
+ L
(
gV, ε
2−σAεV
)
+ Vρε .
The objects appearing in (8) are defined as follows:
• For a symmetric two-tensor g and a one-form A onM the differential
operator L(g,A) is defined by its quadratic form
〈Ψ,L(g,A)Ψ〉H =
∫
M
g
(∇AΨ,∇AΨ) volg, ∇A := d + iA (9)
defined on W 1,20 (M, g).
• The horizontal magnetic potential is given by (cf. Equation (5))
Aεhor := pi∗MAB + εAεH.
The factor ε2 in front of the horizontal operator L (Gεhor, ε
−σAεhor)
is due to the fact that, on the co-vectors T∗M , Gε = ε2Gεhor + gV.
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• The restriction of the vertical operator to the fibre ofMx over x acts
as (minus) the Laplacian associated to the metric gV|Mx = gMx and
the magnetic potential ε2−σAεV, that is:
L
(
gV, ε
2−σAεV
)∣∣
Mx
= −∆ε2−σAεVgMx ,
note our sign convention. It is self-adjoint on the Dirichlet domain
D(Mx) := W 2,2(Mx, gMx) ∩W 10 (Mx, gMx).
• The geometric potential Vρε arises from the change of the volume
measure and captures effects of the extrinsic curvature of the em-
bedding B ↪→ Rb+f . It takes the form
Vρε =
1
2∆Gε ln ρε − 14Gε(d ln ρε, d ln ρε)
= 12(−ε2L(pi∗MgB, 0)− L(gV, 0)) ln ρε + 14gV(d ln ρε, d ln ρε) +O(ε4),
which is the same as for A = 0, see [HLT15, Equation (2.5)]. This
potential is of order ε2 for massive waveguides and of order ε for
hollow waveguides.
The operator Hσ is self-adjoint on the Dirichlet domain
D(Hσ) = W 2,2(M, g) ∩W 1,20 (M, g) .
Remark 2.4. Due to the fact that the magnetic potential in the vertical
operator is of order ε2−σ, we will be able to treat this perturbatively, even for
σ = 1. We have
∆
ε2−σAεV
gMx = ∆gMx +O(ε2−σ),
and the error will be uniform in x under our hypothesis. Physically speaking,
this effect occurs because the shrinking of the initial tube T ε in the transversal
directions leaves the magnitude of the magnetic field unchanged, while the
influence of the vertical differential operator increases. The perturbation by
AεV will play a role in the effective operator, if we aim for high precision when
σ = 0, and in general when σ = 1.
Remark 2.5. We will exclusively work with L2-Sobolev spaces, so we will
drop the corresponding superscript from now on and writeW k,2 = W k. When
these spaces are associated with the Riemannian manifolds (M, g), (B, gB)
and (Mx, gMx), for x ∈ B, we will omit the dependence on the metric in
the notation. In our setting, these manifolds (with boundary) are of bounded
geometry in the sense of [Sch96], and the Sobolev norms are defined by sum-
ming local norms [Sch96, Defintion 3.23]:
‖ψ‖2Wk :=
∑
ν∈Z
∥∥(χνψ) ◦ κ−1ν ∥∥2Wk(κν(Uν)) ,
where {Uν}ν∈Z is an atlas of normal coordinate charts κν : Uν → Rn, adapted
to the metric, with subordinate partition of unity χν .
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3. Adiabatic perturbation theory
In this section we discuss the approximation of the spectrum of Hσ by
that of the adiabatic operator Hσa , which is an operator on L2(B). Our
results rely on the general construction of (super-)adiabatic approximations
in [HL18], and we will refer to that paper for most of the proofs. The general
strategy of adiabatic perturbation theory (for pseudo-differential operators)
is reviewed, e.g., in [Mar07].
Before going into the technical details, let us briefly sketch the basic ideas
of our approach. We rewrite the Schrödinger operator (8) in the form
Hσ = ε2L
(
Gεhor, ε
−σAεhor
)
+ L
(
gV, ε
2−σAεV
)
+ Vρε
= ε2L
(
Gεhor, ε
−σAεhor
)
+ ε2Vbend +H
V
A +O(ε4)
where HVA is a fibrewise vertical operator that is a perturbation of L(gV, 0)
and Vbend is a potential, see Equations (12) and (13). Let, for x ∈ B,
λA(x) := minσ(HVA(x))
be the ground-state energy of its restriction to L2(Mx). Let PA(x) be the
projection to the associated eigenspace. Since, under our assumptions, the
ground-state is a simple eigenvalue, the ranges of PA(x) define a line bundle
over B. This line bundle is in fact trivial, because the range of PA(x) is close
to the ground-state eigenspace of L(gV, 0)|Mx . The projection PA defines an
operator on H by setting, for x ∈ B and y ∈Mx, (PAψ)(y) = (PA(x)ψ)(y).
The adiabatic operator is then given by
Hσa := PAH
σPA = ε2PA
(
L
(
Gεhor, ε
−σAεhor
)
+ Vbend
)
PA + λAPA (10)
By the triviality of the line bundle associated with PA, we may consider this
as an operator on L2(B). Consider the difference
(Hσ −Hσa )PA = ε2
[
L
(
Gεhor, ε
−σAεhor
)
+ Vbend, PA
]
PA. (11)
If we can show that this is small, the adiabatic operator provides an approx-
imation of Hσ on the range of PA.
For σ = 0 one sees rather easily that
[ε(d + iAεhor), PA] = [ε(d + ipi∗MAB + εAεH), PA] = O(ε),
as iεAεhor is of order ε by itself and [d, PA] can be bounded uniformly in ε,
as the eigenfunctions of HVA(x) vary smoothly with x. To obtain the same
result for σ = 1 it is important to recall that ε−1Aεhor = ε−1pi∗MAB + AεH,
and then note that pi∗MAB commutes with the projection PA, because it
does not depend on the fibre-coordinates. This implies that (11) is of order
ε, since L (Gεhor, ε
−σAεhor) is a quadratic expression in d + iε−σAεhor. So in
both cases (11) is of order ε, as an operator from D(Hσ) to H (it is not of
order ε2, as the graph-norm of Hσ is also ε-dependent). Consequently, the
adiabatic operator provides an approximation of Hσ, with errors of order ε.
However, since the magnetic and geometric terms in the operator Hσ are
of order ε1−σ and ε2, respectively, it is desirable to construct a slightly tilted
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super-adiabatic projection P εA = PA+O(ε), satisfying [Hσ, P εA]P εA = O(εN ),
in a suitable sense, and an intertwining unitary operator Uσε on H with
P εAUε = UεPA, such that the effective operator
Hσeff :=
(
Uσε
)†
P εAH
σP εAU
σ
ε = PA
(
Uσε
)†
HσUσε PA
provides a better approximation of Hσ than Hσa does. The details of the
construction of P εA can be found in [HL18].
In the construction just described the choice of a vertical operator HVA is
not unique. We make the choice of including all vertical differential operators
in HVA and, for the case of hollow wave guides, include also parts of the
potential Vρε ,
HVA :=
{
L(gV, ε
2−σAεV), mas.
L(gV, ε
2−σAεV)− 12L(gV, 0) ln ρε + 14gV(d ln ρε, d ln ρε) hol.
,
(12)
and
ε2Vbend =
{
Vρε , mas.
−12ε2L(pi∗MgB, 0) ln ρε hol.
. (13)
We consider HVA as a fibrewise perturbation of the non-magnetic operator
HV0 := H
V
A
∣∣
AεV=0
. In the hollow case we include potential terms into HVA
that arise from the change of volume measure in the vertical Laplacian and
thus do not change the ground state eigenvalue of HV0 .
For all x ∈ B the operatorHVA(x) defines a self-adjoint operator on L2(Mx)
with Dirichlet domain D(Mx) due to the Kato¯-Rellich theorem. The com-
pactness of the fibres (Mx, gMx) yields that σ(HVA(x)) solely consists of dis-
crete eigenvalues of finite multiplicity accumulating at infinity. Let λ0 be
the ground-state energy of HV0 with a spectral projection P0. That is, for
x ∈ B, (cf. [Haa16, Section 5.2]):
• massive quantum waveguides:
The smallest eigenvalue λ0 > 0 of L(gV, 0) with Dirichlet boundary
conditions onMx. The associated eigenfunction φ0(x) can be chosen
real and positive, and P0(x) projects to the space spanned by this
function.
• hollow quantum waveguides:
It holds that λ0 ≡ 0 with (ε-dependent) ground state
φ0(x) =
ρ
1/2
ε
‖ρε‖L2(Mx)
= VolgMx (Mx)
−1/2 +O(ε). (14)
The latter is the reason why, in the hollow case, we added additional terms to
HVA. These terms are of order ε, but they have a trivial effect on λ0, which
would be somewhat obscured if we treat them as a part of the bending
potential.
14 STEFAN HAAG, JONAS LAMPART, AND STEFAN TEUFEL
To first order in perturbation theory, λA − λ0 is given by
−2ε2−σ Im
(∫
Mx
gMx
(
dφ0,Aε=0V φ0) volgMx
)
= 0.
This equals zero because φ0 is real-valued. Thus, the asymptotic expansion
of the magnetic ground state eigenband reads
λA(x) =
{
λ0(x) +O(ε4−2σ), mas.
O(ε4−2σ), hol.
with x-uniform errors due to Definition 2.2.
The bounded geometry of the waveguide M implies that λ0(x) is sepa-
rated from the rest of σ(HV0 (x)) by an x-uniform gap [LT17, Proposition 4.1].
Thus λA(x) also has a gap, of size δ > 0 uniformly in x and ε, for ε small
enough (see [Haa16, Lemma 5.13]). Moreover PA = P0 + O(ε2−σ) and
‖PA(x)φ0‖L2(Mx) ≥ C. We can thus write the entire normalised ground
state of HVA as
φA(x) :=
PA(x)φ0(x)
‖PAφ0‖L2(Mx)
.
This gives a natural choice for the isomorphism of the range of PA with
L2(B), Ψ 7→ 〈φA(x), Ψ|Mx〉L2(Mx).
In general, Hσa and Hσeff approximate H
σ only on the range of PA. If we
restrict ourselves to energies below
Λ := inf
x∈B
min(σ(HV0 (x))\{λ0(x)})
this restriction is not necessary. This is due to the fact that, for a function
ψ ∈ L2(M) in the space 1(−∞,Λ](Hσ)H, the vertical mode ψ|Mx has to
concentrate in the ground state of HVA. These considerations lead to the
following theorem:
Theorem 3.1. Let (M,A) be a magnetic quantum waveguide of bounded
geometry and set Λ := infx∈B min(σ(HV0 (x))\{λ0(x)}). Then for all N ∈ N
there exist a projection P εA and a unitary operator U
σ
ε ∈ L(H) ∩ L(D(Hσ)),
intertwining PA and P εA, such that for every cut-off χ ∈ C∞0 ((−∞,Λ], [0, 1]),
satisfying χp ∈ C∞0 ((−∞,Λ], [0, 1]) for all p > 0, we have∥∥∥Hσχ(Hσ)− Uσε Hσeffχ(Hσeff)(Uσε )†∥∥∥H = O(εN ).
In particular, the Hausdorff distance between the spectra of Hσ and Hσeff is
small, i.e., it holds for every δ > 0 that
distH
(
σ(Hσ) ∩ (−∞,Λ− δ], σ(Hσeff) ∩ (−∞,Λ− δ]
)
is of order εN .
Proof. For σ = 0 this is an immediate consequence of [HL18, Corollary 2.3].
More presicely (in the notation of the mentioned work), one takes the trivial
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line bundle E = M × C endowed with the connection ∇M×C = d + ipi∗MAB
and treats the corrections of the metric and the connection as a perturbation.
For σ = 1 we use the connection ∇M×C = d + iAε=0H and treat the higher
order corrections again as a perturbation. The contribution of the remain-
ing strong part ε−1pi∗MAB of the magnetic potential may be added to the
horizontal Laplacian, since it does not depend on the fibre coordinates (see
[Haa16, Lemma 5.19] for the details). 
For N = 1 we can choose P εA = PA, so at first sight the approximation
of Hσ by Hσa (which is much simpler compared to Hσeff since it does neither
incorporate the complicated super-adiabatic projection P εA nor the unitary
Uσε ) yields errors of order ε. More careful inspection shows that for N > 1
we have Hσa − Hσeff = O(ε2) as an operator from W 2(B) to L2(B), so the
statement on the spectrum holds for Hσa with an error of order ε2.
Corollary 3.2. Let (M,A) be a magnetic quantum waveguide of bounded
geometry and set Λ := infx∈B min(σ(HV0 (x))\{λ0(x)}). Then there exists
a a unitary operator Uσε ∈ L(H) ∩ L(D(Hσ)) such that for every cut-off
function χ ∈ C∞0 ((−∞,Λ], [0, 1]), satisfying χp ∈ C∞0 ((−∞,Λ], [0, 1]) for all
p > 0, we have ∥∥∥Hσχ(Hσ)− Uσε Hσa χ(Hσa )(Uσε )†∥∥∥H = O(ε2).
and, in particular, it holds for every δ > 0 that
distH
(
σ(Hσ) ∩ (−∞,Λ− δ], σ(Hσa ) ∩ (−∞,Λ− δ]
)
= O(ε2).
We may further improve the adiabatic approximation if we focus on the
low-lying part of the spectrum near inf σ(Hσ). The behaviour in this energy
regime clearly corresponds to that of the low-lying part of the adiabatic oper-
ator Hσa and therefore is dominated by the characteristics of the unperturbed
ground state band λ0 = minσ(HV0 ):
• If x 7→ λ0(x) has a unique non-degenerate minimum Λ0 = λ0(x0)
on B, the results obtained in [Sim83] suggest that the leading part
of the adiabatic operator behaves like an harmonic oscillator close
to x0, schematically
Hσa − Λ0 = −ε2∆B + c
(
distgB (x, x0)
)2
+ . . . , c > 0,
with eigenvalue spacing of order ε, so the interesting scale for small
energies is α = 1. In this case there is no spectrum of Hσa in
the interval (−∞,Λ0 + Cε2], for ε small enough, which will imply
σ(Hσ) ∩ (−∞,Λ0 + Cε2] = ∅.
• If λ0(x) = Λ0 is constant, the adiabatic operator is given by
Hσa − Λ0 = ε2(−∆B + . . . )
and its eigenvalues, if they exist, scale as ε2. We will see that the
latter approximate those of Hσ up to errors of order ε4.
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More generally we will investigate energies of order εα above the bottom
Λ0 := infx∈B λ0(x) of the vertical operator for 0 < α ≤ 2. The follow-
ing theorem states that the mutual approximation in this regime is better,
compared to Corollary 3.2, by a factor εα/2 and even by a factor εα if one
merely considers eigenvalues. For moderate magnetic fields (σ = 0) this can
be done without further assumptions, for strong magnetic fields (σ = 1) the
additional hypothesis that AB = c∗A may be gauged away is needed. If B
is simply connected, this is equivalent to the vanishing of the pulled-back
magnetic field, BB := c∗dA = 0. The latter always vanishes if b = 1. If
AB is not exact, then we expect that the adiabatic Hamiltonian Hσa needs
to be modified by additional terms to achieve the same precision as in the
following theorem.
Theorem 3.3. Let (M,A) be a magnetic quantum waveguide of bounded
geometry and 0 < α ≤ 2. If σ = 1, assume additionally that AB is an exact
one-form on B. Then, for every C > 0, it holds that
distH
(
σ(Hσ) ∩ (−∞,Λ0 + Cεα], σ(Hσa ) ∩ (−∞,Λ0 + Cεα]
)
is of order ε2+α/2.
If, moreover, Λ0 + Cεα is strictly below the essential spectrum of Hσa , in
the sense that for some δ > 0 the spectral projection 1(−∞,Λ0+(C+δ)εα](H
σ
a )
has finite rank, for ε > 0 small enough. Then, if µσ0 < µ
σ
1 ≤ · · · ≤ µσK are
all the eigenvalues of Hσa below Λ0 +Cεα, Hσ has at least K+ 1 eigenvalues
νσ0 < ν
σ
1 ≤ · · · ≤ νσK below its essential spectrum and∣∣µσj − νσj ∣∣ = O(ε2+α),
for j ∈ {0, . . . ,K}.
Proof. The statement for the moderate case (σ = 0) is an immediate appli-
cation of [Haa16, Proposition 4.14] and [Haa16, Theorem 4.15], where again
E = M × C and ∇M×C = d + ipi∗MAB (plus higher order corrections that
are again treated as a perturbation). The basic idea of this improvement to
work is the observation that the super-adiabatic corrections to Hσ=0a (which
must also be included in order to obtain a better approximation) essentially
consist of horizontal differential operators. But such derivatives ∇pi∗MAB
εXH
for
X ∈ C∞b (TB) are of order εα/2 and are therefore small on this ε-dependent
energy scale, i.e., on the image of 1(−∞,Λ0+Cεα](H
σ=0) (see [Haa16, Lemma
B.1] for the precise statement).
For the strong case (σ = 1) we mention that – if AB is exact and may
be gauged away – the relevant connection on M × C is given by ∇M×C =
d+iAε=0H plus higher order corrections and thus has basically the same form
as in the moderate case. 
We remark that results can be obtained also for energies higher than Λ
and projections to other eigenbands than the ground state. The relevant
condition is that they are separated from the rest of the spectrum of HVA
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by a local gap δ, which guarantees regularity of the corresponding spectral
projection. As pointed out above, the approximation of spectra is not mutual
as for low energies, but there is always spectrum of Hσ near that of Hσeff
(see [HL18, Corollary 1.2]).
4. Moderate Magnetic Fields (σ = 0)
This section is dedicated to the calculation of the adiabatic operator (10)
for the case of moderate magnetic fields. To simplify the notation, we will
frequently drop the superscript σ. Since we may apply both Corollary 3.2
and Theorem 3.3 without further restrictions, we treat both cases at once and
aim for the approximation of the spectrum of H by that of Ha for energies
of the order εα above Λ0 = inf λ0, for α ∈ [0, 2].
We need to compute Ha up to errors of order ε2+α on the appropriate en-
ergy scale. This is implemented by estimating the errors in L(Kα(B), L2(B)),
with the ε and α-dependent spaces
Kα(B) := ran
(
χ[Λ0,Λ0+Cεα](−ε2∆gB + λ0)
) ⊂ L2(B), α ∈ [0, 2]
equipped with the restriction of the L2-norm, where C is an arbitrary con-
stant for α > 0 and C < Λ− Λ0 for α = 0. Note that Kα1(B) ⊂ Kα2(B) is
a closed subspace for α1 > α2.
We will see below (see also [WT13, Theorem 2.5]) that the non-magnetic
adiabatic operator may be written in the form
Hnma = ε
2L
(〈Gεhor〉0 , 0)+ λ0 + ε2VBH + ε2 〈Vbend〉0 (15)
The quantities in this equation are the following:
• The Laplacian L on the base B which is defined by substituting the
non-magnetic effective metric, given for t1, t2 ∈ TxB by
〈Gεhor〉0(t1, t2) :=
〈
φ0, G
ε
hor(t
H
1 , t
H
2 )φ0
〉
L2(Mx)
(16)
=gB(t1, t2) + ε
〈
φ0, h
ε(tH1 , t
H
2 )φ0
〉
L2(Mx)
,
into the quadratic from
〈ψ,L(g,A)ψ〉L2(B) =
∫
B
g
(∇Aψ,∇Aψ) volgB .
The underline L is used here to distinguish the so-defined operator
on the base from its analogue L on M , defined by (9).
• The non-magnetic Born-Huang potential is given by
VBH(x) :=
∫
Mx
Gεhor(dφ0,dφ0)− divg
(
φ0G
ε
hor(dφ0, ·)
)
volgMx .
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Equivalently, it may be defined by its quadratic form
〈ψ, VBHψ〉L2(B) =
∫
M
|pi∗Mψ|2Gεhor(dφ0,dφ0) (17)
+ 2 Re
(
φ0(pi
∗
Mψ)G
ε
hor(dpi
∗
Mψ,dφ0)
)
volg .
We emphasise that this defines a potential, and not a derivation,
due to the real part.
• The averaged bending potential is
〈Vbend〉0 (x) := 〈φ0, Vbendφ0〉L2(Mx) .
Remark 4.1. The notation 〈·〉0 is used here to denote averaging over the
fibre with weight |φ0|2, we will later use the notation 〈·〉A when the weight is
given by |φA|2.
Remark 4.2. The leading order of the non-magnetic Born-Huang potential
VBH is given by∫
Mx
pi∗MgB(dφ0,dφ0)− divg
(
φ0 pi
∗
MgB(dφ0, ·)
)
volgMx
=
∫
Mx
pi∗MgB(dφ0, dφ0) volgMx −divgB
∫
Mx
φ0 pi
∗
MgB(dφ0, ·) volgMx
and equals the adiabatic potential found in [HLT15, Equation (12)]. Here, we
used the facts that φ0 vanishes on the boundary ∂Mx and that pi∗MgB(dφ0, ·)
is a horizontal vector field. Moreover, it is shown in [HLT15, Section 5.2] that
the second integral coincides with 12 〈η〉0, where η ∈ C∞(HM) stands for the
mean curvature vector of the fibres Mx ↪→M . Thus, if we deal with massive
quantum waveguides (for which η vanishes), the non-magnetic Born-Huang
potential has the expansion
VBH(x) =
∫
Mx
pi∗MgB(dφ0, dφ0) volgMx +O(ε) =: ‖dφ0‖2L2(HM∗|Mx ) + O(ε).
In order to simplify later calculations, we establish the following Lemma:
Lemma 4.3. Let φ ∈ {φ0, φA}, ∇ be a connection on the trivial line bundle
B×C, ϕ,ψ ∈W 1(B) and ξ ∈ C∞(T∗B⊗C) and µ ∈ C∞(T∗M⊗C) complex
one-forms. Then the quadratic form
Qξ(φ, ψ) =
∫
M
Gεhor
(
φpi∗M (∇+ ξ)ϕ, φpi∗M (∇+ ξ)ψ)
)
+Gεhor
(
(µ− φpi∗Mξ)pi∗Mϕ, φpi∗M (∇+ ξ)ψ)
)
+Gεhor
(
φpi∗M (∇+ ξ)ϕ, (µ− φpi∗Mξ)pi∗Mψ)
)
+Gεhor
(
(µ− φpi∗Mξ)pi∗Mϕ, (µ− φpi∗Mξ)pi∗Mψ)
)
volg
is independent of ξ.
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Proof. Expanding the expression, one sees that the terms containing ξ cancel
each other out, and Qξ = Q0 for all ξ. 
The adiabatic operator for moderate magnetic fields is obtained from the
non-magnetic adiabatic operator Hnma by minimal coupling to an effective
magnetic potential Aεeff :
Theorem 4.4. The adiabatic operator for moderate magnetic fields is given
by the non-magnetic adiabatic operator, minimally coupled to the effective
magnetic potential Aεeff := AB + εA1, where AB := c∗A and
A1(X) :=
〈
Aε=0H (XH)
〉
0
for X ∈ C∞(TB), up to errors of order ε2+α in L(Kα(B), L2(B)) for α ∈
[0, 2]. That is,
Hσ=0a = ε
2L
(〈Gεhor〉0 ,Aεeff)+ λ0 + ε2VBH + ε2 〈Vbend〉0 +O(ε2+α).
Proof. We proceed by expanding the quadratic form of Hσa and bounding
the error terms in the appropriate norm. By definition, we have
〈ϕ,Hσa ψ〉L2(B) = 〈(pi∗Mϕ)φA, HσφA(pi∗Mψ)〉L2(M) ,
where we choose ϕ ∈ W 1(B) and ψ ∈ Kα(B). Since λA = λ0 + O(ε4) and
φA = φ0 +O(ε2) for weak magnetic fields, we immediately see that
ε2〈Vbend〉A = ε2〈Vbend〉0 +O(ε4).
It now remains to analyse the quadratic form of the projected horizontal
Laplacian. We need to estimate the errors by ε2+α ‖ϕ‖L2(B) ‖ψ‖Kα(B). To
achieve this, we will make use of the fact (see Equation (19) below) that
‖εdψ‖L2(T∗B) = O(εα/2) for ψ ∈ Kα(B). When derivatives act on ϕ, we
integrate by parts, so that they act on ψ and we can use the same estimate.
We will not perform this step in detail, but just remark that integration by
parts is always justified due to the factors of φ0 or φA in the integrals, which
vanish on the boundary of a massive waveguide.
We split the quadratic form using the projection PA:〈
(pi∗Mϕ)φA, ε
2L(Gεhor,Aεhor)(pi∗Mψ)φA
〉
L2(M)
=
∫
M
Gεhor
(
PAε∇Aεhor(pi∗Mϕ)φA, PAε∇A
ε
hor(pi∗Mψ)φA
)
volg (18a)
+
∫
M
Gεhor
(
P⊥A ε∇A
ε
hor(pi∗Mϕ)φA, P
⊥
A ε∇A
ε
hor(pi∗Mψ)φA
)
volg (18b)
+
∫
M
Gεhor
(
PAε∇Aεhor(pi∗Mϕ)φA, P⊥A ε∇A
ε
hor(pi∗Mψ)φA
)
volg (18c)
+
∫
M
Gεhor
(
P⊥A ε∇A
ε
hor(pi∗Mϕ)φA, PAε∇A
ε
hor(pi∗Mψ)φA
)
volg, (18d)
where we used the abbreviation ∇Aεhor = d + iAεhor.
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We start by simplifying this expression using Lemma 4.3. We have
PAε∇Aεhor(pi∗Mψ)φA = pi∗M
(
ε
(
d + i 〈Aεhor〉A + 〈φA, dφA〉L2(Mx)
)
ψ
)
φA
and, because [AB(X), PA] = 0 for any vector field,
P⊥A ε∇A
ε
hor(pi∗Mψ)φA = ε
(
dφA − 〈φA,dφA〉L2(Mx) + iεP⊥AAεHφA
)
(pi∗Mψ).
We can thus apply Lemma 4.3 with ∇ = d + i〈Aεhor〉A, ξ = 〈φA,dφA〉L2(Mx)
and µ = dφA + iεP⊥AAεHφA, which means that we can continue as if ξ = 0.
In particular, this proves the formula (15) when A = 0.
We now show that, in Equation (18a) with ξ = 0, 〈Aεhor〉A can be replaced
by Aεeff and 〈Gεhor〉A with 〈Gεhor〉0, up to errors of order ε3+α/2. To achieve
this, observe that∫
B
ε2gB(dψ,dψ) volgB ≤
〈
ψ,
(−ε2∆gB + (λ0 − Λ0))ψ〉L2(B)
≤ Cεα ‖ψ‖2Kα(B) ,
which implies that∫
B
ε2gB
(
∇Aεeffψ,∇Aεeffψ
)
volgB = O
(
εα ‖ψ‖2Kα
)
. (19)
Now expand
〈Aεhor〉A = AB + ε 〈AεH〉A = Aεeff +O(ε3)
and
〈Gεhor〉A = gB + ε〈hε〉A = 〈Gεhor〉0 +O(ε3)
(where the error is measured by gB). Together with Equation (19) and
integration by parts this shows that∫
M
|φA|2Gεhor
(
εpi∗M∇〈A
ε
hor〉Aϕ, εpi∗M∇〈A
ε
hor〉Aψ
)
volg
= 〈ϕ,L(〈Gεhor〉0 ,Aεeff)ψ〉L2(B) +O
(
ε3+α/2 ‖ϕ‖L2(B) ‖ψ‖Kα(B)
)
.
For the remaining terms (18b)–(18d), we use the expansion
dφA + εP⊥AAεHφA = dφ0 + εP⊥0 Aε=0H φ0 +O(ε2),
which yields, by the same reasoning as above and neglecting ξ,
(18b) + (18c)
∼=
∫
M
Gεhor
(
εφ0pi∗M∇A
ε
effϕ, ε(dφ0 + iεP
⊥
0 Aε=0H φ0)pi∗Mψ
)
volg (20)
+
∫
M
Gεhor
(
ε(dφ0 + iεP⊥0 Aε=0H φ0)pi∗Mϕ, εφ0pi∗M∇A
ε
effψ
)
volg
+O(ε3+α/2 ‖ϕ‖L2(B) ‖ψ‖Kα(B)).
QUANTUM WAVEGUIDES WITH MAGNETIC FIELDS 21
The terms involving iεP⊥0 Aε=0H φ0 are also of order ε3+α/2, because∫
Mx
(pi∗MgB)
(
φ0pi∗M∇A
ε
effϕ, P⊥0 Aε=0H φ0
)
volgMx
= gB
(
∇Aεeffϕ,
〈
φ0, P
⊥
0 Aε=0H φ0
〉
L2(Mx)
)
= 0.
Furthermore, the remaining terms in Equation (20) that contain iAeff yield∫
M
−2pi∗MϕψGεhor
(
Im(φ0Aεeff),dφ0
)
volg = 0 (21)
because φ0 and Aεeff are real. The relevant contribution of (18b), (18c) thus
reduces to
ε2
∫
M
Gεhor
(
φ0pi
∗
Mdϕ, (dφ0)pi
∗
Mψ
)
+
∫
M
Gεhor
(
(dφ0)pi∗Mϕ, φ0pi
∗
Mdψ
)
volg .
(22)
The contribution of the last term, (18d), is just
ε2
∫
M
Gεhor(dφ0, dφ0)pi
∗
M (ϕψ) volg +O
(
ε4 ‖ϕ‖L2(B) ‖ψ‖L2(B)
)
,
as the imaginary part of Gεhor(dφ0, P
⊥
0 Aε=0H φ0) vanishes. Combining this
with (22) gives exactly the quadratic form of VBH. 
We remark that this proof shows that the error is actually of order ε3+α/2,
which is slightly better than ε2+α. But this is not very relevant, as the error
of the original approximation of H by Ha is ε2+α.
5. Strong Magnetic Fields (σ = 1)
In this section we compute the adiabatic operator (10). We will again
drop the superscript σ, most of the time.
Theorem 5.1. The adiabatic operator for σ = 1 is given by
Hσ=1a = ε
2L
(〈Gεhor〉A , ε−1AB +AP )+ λA + ε2 〈Vbend〉A + ε2V ABH + ε2Dmag,
with the abbreviations AP := 〈AεH〉A, AP⊥ := P⊥AAεHφA, where the magnetic
Born-Huang potential is given by
V ABH(x) :=
∫
Mx
Gεhor
(
dφA + iAP⊥ ,dφA + iAP⊥
)
− divg
(
φAGεhor(dφA + iAP⊥ , ·)
)
volgMx ,
and the first-order differential operator
(Dmagψ)(x) = 2
∫
Mx
Gεhor
(
Im
(
φA(dφA+iAP⊥)
)
, pi∗M (−id+ε−1AB+AP )ψ
)
volgMx .
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This statement is exact, with no further errors, but the terms in the
adiabatic operator may of course be expanded using perturbation theory for
λA and φA, as well as an expansion of AεH. In particular, when AB is an
exact form, Theorem 3.3 applies and one can obtain a more explicit form of
the effective Hamiltonian on εα-energy scales, cf. Section 6.5.2.
Proof. The potentials λA and ε2 〈Vbend〉A are the exact projections of HAV
and the bending term, so there is nothing to prove here and we are again
left to calculate the projection of L
(
Gεhor, ε
−1Aεhor
)
with PA.
As in the proof of Theorem 4.4, we start by applying Lemma 4.3, for which
we need
PAε∇ε−1Aεhor(pi∗Mψ)φA
= pi∗M
((
εd + iAB + εiAP + ε 〈φA,dφA〉L2(Mx)
)
ψ
)
φA (23)
and
P⊥A ε∇ε
−1Aεhor(pi∗Mψ)φA = ε
(
dφA − 〈φA,dφA〉L2(Mx) + iAP⊥
)
(pi∗Mψ).
Writing out the quadratic form of ε2PAL(Gεhor, ε
−1Aεhor)PA as in (18a) –
(18d), we can thus neglect ξ = 〈φA, dφA〉L2(Mx) by Lemma 4.3. The term
with the projection PA applied twice then yields exactly the quadratic form
of ε2L(〈Gεhor〉A , ε−1AB +AP ).
Using that AP is real and integration by parts, one sees that the terms
with exactly one P⊥A yield the quadratic form of the operator∫
Mx
divg
(
φAGεhor(dφA + iAP⊥ , ·)
)
volgMx +Dmag.
Note that this operator is self-adjoint but Dmag and the complex potential
separately are not. The first term in this expression is completed by the one
with two occurrences of P⊥A to the potential V
A
BH. 
In view of Corollary 3.2 there is no additional restriction on A and we
need to calculate Ha up to errors of order ε2:
Corollary 5.2 (α = 0). The adiabatic operator for strong magnetic fields is
given by
Hσ=1a = ε
2L
(〈Gεhor〉A , ε−1Aεeff)+ λ0 +O(ε2)
with errors of order ε2 in L(K0(B), L2(B)), where the effective magnetic
potential Aεeff is the same as in Theorem 4.4.
Proof. We have λA = λ0 + O(ε2) and ε2 〈Vbend〉A = O(ε2), so it remains
to show that ε2Dmag = O(ε2), and that AP can be replaced by
〈Aε=0H 〉0,
with appropriate errors. The latter is a consequence of Equation (23), as
ε(AP −
〈Aε=0H 〉0) = O(ε2).
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To see that Dmag is bounded uniformly in ε from K0(B) to L2(B), it is
sufficient to show that∫
Mx
Gεhor
(
Im
(
φA(dφA + iAP⊥)
)
, ·
)
volgMx = O(ε),
as a one-from on (B, gB) (cf. Equation (19)). This holds because φA =
φ0 +O(ε) with real φ0 and Equation (21). 
6. Application to Quantum Tubes
This section is devoted to the explicit computation of the magnetic adi-
abatic operators of massive or hollow quantum tubes, that is waveguides
modelled along closed or infinite open curves in R3. We will discuss the
leading contribution of the magnetic effects for moderate and strong mag-
netic fields in Section 6.4 and Section 6.5, respectively.
6.1. The Geometry. Let c : B → R3 be either an infinite curve, i.e.,B = R,
or a closed curve of length 2L, i.e., B = R/2LZ ∼= [−L,L), that is smoothly
embedded in (R3, δ), bounded with all its derivatives and parametrised by
arc length, so gB = dx⊗ dx. In both cases the normal bundle NB is diffeo-
morphic to the trivial bundle B×R2. For the following explicit computations
we choose coordinates induced by parallel orthonormal frames in NB. While
for B = R such frames exist globally, for B = R/2LZ they might be discon-
tinuous at one point. Hence, in this case, we restrict the computations to
B\{x0} ∼= (−L,L). In order to not overburden the notation, we do not make
this explicit in every step, but keep in mind that B needs to be replaced by
B \ {x0} whenever necessary. The relevant geometric objects will always be
well defined on all of B, see for example Remark 6.1.
Explicitly, a parallel orthonormal frame can be constructed as follows: At
0 ∈ B we pick an orthonormal basis {τ0, e1,0, e2,0} of Tc(0)R3 ∼= R3 such that
τ0 = c
′(0) is tangent and (e1,0, e2,0) are normal to the curve at c(0). One
then obtains a frame (τ, e1, e2) of TR3
∣∣
c(B)
as the solution of the coupled
system of differential equations
d
dx
 τ(x)e1(x)
e2(x)
 =
 0 κ1(x) κ2(x)−κ1(x) 0 0
−κ2(x) 0 0
 τ(x)e1(x)
e2(x)

with initial data (τ(0), e1(0), e2(0)) = (τ0, e1,0, e2,0), where
κj : B → R, x 7→ δ
(
c′′(x), ej(x)
)
for j ∈ {1, 2}
are the mean curvatures of the curve, see for instance [Bis75]. This is an
orthonormal frame of (TR3
∣∣
c(B)
, δ) with τ(x) = c′(x) for all x ∈ B which
we identify with an orthonormal frame of TB ⊕ NB by means of (1). Put
differently, this frame is obtained by the parallel transport of the orthonormal
basis (τ0, e1,0, e2,0) along the curve B with respect to the induced connection
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c∗∇δ. Consequently, x 7→ τ(x) = ∂x is a trivialisation of the tangent bundle
TB, whereas x 7→ (e1(x), e2(x)) yields bundle coordinates
Ξ : B × R2 → NB, (x, n1, n2) 7→ n1e1(x) + n2e2(x)
that come along with coordinate vector fields ∂#x , ∂n1 and ∂n2 , where ∂
#
x is
the horizontal lift (which coincides with the product lift) of ∂x to NB.
6.2. The Pullback of the Riemannian Metric. As an intermediate re-
sult we obtain a family of pullback metrics {Gεint := Φ∗ε(ε−2δ)}0<ε≤1 on
NBr := Ξ(B × B2r(0)) induced by
Φε : (x, n1, n2) 7→ c(x) + ε
(
n1e1(x) + n2e2(x)
)
.
It is given by (see [Haa16, Example 5.6])
Gεint|(x,n) = ε−2
(
1− ε 〈n, κ(x)〉R2
)2
dx#⊗dx# + dn1⊗dn1 + dn2⊗dn2,
where we used the notation dx# := pi∗NBdx.
Remark 6.1. Note that even in the case, where our coordinates are defined
only on (B \ {x0})×R2, the metric Gεint is well defined on all of NBr. This
is because the bases (e1(−L), e2(−L)) and (e1(L), e2(L)) differ at most by a
transformation in SO(2), while the appearing expressions are invariant under
rotations of the fibres.
The final form of the family {Gε := $∗Gεint}0<ε≤1 now depends on the
concrete realisation of the waveguide induced by the embedding $ : M →
NBr. Note that for B = R we can without loss of generality pickM = R×F ,
while for B = R/2LZ the bundle M piM−−→ B need not be trivial. As we will
see in the following example, the global structure of M is then encoded in
the map $.
Example 6.2. Let us consider two illustrative choices of the embedding $
(see [Haa16, Example 5.7] and [Haa16, Example 5.9]):
(i) massive quantum tube, dim(F ) = 2:
Let F ⊂ R2 be a connected (in general not rotationally invariant)
bounded domain and R > 0 such that F ⊂ BR(0). Then for y =
(y1, y2) ∈ F the mapping
$ : (x, y1, y2) 7→
(
`(x)r(x)y
)
1
e1(x) +
(
`(x)r(x)y
)
2
e2(x),
with
r : x 7→
(
cos
(
ϕ(x)
) − sin(ϕ(x))
sin
(
ϕ(x)
)
cos
(
ϕ(x)
) )
models a waveguide whose cross-section is the fixed set F that twists
around the curve with respect to an x-dependent angle ϕ : B → R
and scales with an x-dependent factor ` ∈ C∞b (B, [l−, l+]) such that
0 < l− < l+ < r/R. For B = R we require that ϕ ∈ C∞b (R)
and for B = R/2LZ ∼= [−L,L) the appropriate condition is ϕ ∈
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C∞b ((−L,L)) such that the cross-sections as subsets of NBr match
smoothly, i.e.,{
(r(−L)y)jej(−L) : y ∈ F
}
=
{
(r(L)y)jej(L) : y ∈ F
}
and ϕ′ ∈ C∞b ([−L,L)). While the coordinates (x, y1, y2) again pro-
vide coordinate vector fields ∂prx , ∂y1 and ∂y2 , it is more convenient
use to the horizontal lift ∂Hx of ∂x to M instead of ∂
pr
x . This lift
satifies T$(∂Hx ) = ∂
#
x and is given by
∂Hx = ∂
pr
x − (ln `)′y · ∇y − ϕ′y ×∇y, ∇y = (∂y1 , ∂y2) (24)
with the intuitive notation for the cross product in R2. It incorpo-
rates both the effect induced by the variation of the scaling factor
(in terms of `′) and the effect of the twist (in terms of ϕ′) along the
curve. Finally, the associated family of pullback metrics on M reads
Gε|(x,y) = ε−2
(
1− ε 〈`(x)r(x)y, κ(x)〉R2
)2
dxH ⊗ dxH︸ ︷︷ ︸
=Gεhor
+ `2(x)
(
dy1 ⊗ dy1 + dy2 ⊗ dy2
)︸ ︷︷ ︸
=gMx
with dxH := pi∗Mdx.
(ii) hollow quantum waveguide, dim(F ) = 1:
We take the cross-section to be a circle S1 = R/2piZ with an x-
dependent radius ` ∈ C∞b (B, [l−, l+]) such that 0 < l− < l+ < r.
The associated embedding is given by
$ : (x, y) 7→ `(x)(cos ye1(x) + sin ye2(x)).
As above, we express the metric in the basis given by ∂y and the
horizontal lift of ∂x, which in this case is given by
∂Hx = ∂
pr
x − (ln `)′ ∂y.
This eventually leads to the following family of pullback metrics on
M :
Gε|(x,y) = ε−2
[(
1−ε`(x)κ(x, y))2 +(ε`′(x))2]dxH⊗dxH︸ ︷︷ ︸
=Gεhor
+ `2(x) dy⊗dy︸ ︷︷ ︸
=gMx
,
where κ(x, y) := κ1(x) cos y + κ2(x) sin y is the radial projection of
the mean curvature vector.
These examples illustrate the great generality of our approach, i.e., even more
complex realisations of quantum waveguides may be represented by rather
simple embeddings.
We finally remark that in general the horizontal part of the pullback metric
takes the form
Gεhor(∂
H
x , ∂
H
x ) = ρ
2
ε
(7)
= (1− εϑε)2, ϑε=0(x, y) = 〈$x(y), κ(x)〉R2 ,
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where we understand $x as the fibrewise mapping, see Fig. 2,
$x : Mx → NxB ∼= R2
From this we immediately infer
〈Gεhor〉0 (dx, dx) = 1 + 2ε 〈ϑε=0〉0 +O(ε2) (25)
for the effective metric on covector fields.
6.3. The Pullback of the Magnetic Potential. When dealing with quan-
tum tubes, an appropriate modification of the gauge function Ωε introduced
in Lemma 2.3 leads to a very convenient gauge for the intermediate mag-
netic potential Aεint (pulled back via Φε) on NBr in the case of quantum
tubes. We will perform all calculations using (local) coordinates (x, n1, n2)
– and therefore a (local) orthonormal frame {τ, e1, e2} of TB ⊕ NB – as
introduced in Subsection 6.1. Nevertheless, the magnetic potential Aεint is
actually a globally well-defined one-form and thus independent of the choice
of coordinates. Let
Ax(x, n) = AΦ(x,n)
(
τ(x)
)
, Anj (x, εn) = AΦ(x,n)
(
ej(x)
)
for j ∈ {1, 2} be the components of the magnetic potential, where τ(x)
and ej(x) are considered as vectors in R3. Then the pulled-back magnetic
potential with respect to these coordinates reads
Φ∗εA|(x,n) = Ax(x, εn) dx# + ε
(An1(x, εn) dn1 +An2(x, εn) dn2).
We set
Ωε(x, n) :=
2∑
j=1
Anj (x, 0)nj︸ ︷︷ ︸
transformation
of Lemma 2.3
−ε
2
2
2∑
j,j′=1
∂Anj (x, 0)
∂nj′
njnj′
which implies
dΩε|(x,n) =
2∑
j=1
ε(Anj (x, 0))′nj − ε22
2∑
j′=1
(
∂Anj (x, 0)
∂nj′
)′
njnj′
 dx#
+
2∑
j=1
εAnj (x, 0)− ε22
2∑
j′=1
(
∂Anj (x, 0)
∂nj′
+
∂Anj′ (x, 0)
∂nj
)
nj′
dnj .
A Taylor expansion of the coefficients Ax(x, εn) and Anj (x, εn) up to errors
of order ε2 eventually leads to
Aεint|(x,n) := (Φ∗εA− dΩε)|(x,n)
= Ax(x, 0) dx#︸ ︷︷ ︸
=pi∗NBAB
+ε
[B⊥(x)× n+O(ε2)]dx#
+ ε2
[
1
2B⊥(x)n+O(ε)
]× dn.
QUANTUM WAVEGUIDES WITH MAGNETIC FIELDS 27
Here, we introduced the physically relevant magnetic field evaluated on the
curve, B = dA ∈ C∞b (Λ2TR3
∣∣
T r), which consists of one parallel component
B‖(x) := Bc(x)
(
e1(x), e2(x)
)
=
(
∂An2
∂n1
− ∂An1
∂n2
)∣∣∣∣
(x,0)
and two perpendicular components
B⊥1 (x) := Bc(x)
(
e2(x), c
′(x)
)
=
(
∂Ax
∂n2
− ∂An2
∂x
)∣∣∣∣
(x,0)
,
B⊥2 (x) := Bc(x)
(
c′(x), e1(x)
)
=
(
∂An1
∂x
− ∂Ax
∂n1
)∣∣∣∣
(x,0)
with respect to the curve c(B) ⊂ R3 (with respect to the local orthonormal
frame {τ, e1, e2}). While the component B‖ parallel to the curve clearly is
unaffected by the choice of transversal directions, both B⊥×n and n×dn are
invariant under a change of a (local) orthonormal frame. Thus, the above
expression for Aεint is well defined.
Example 6.3. Let us examine the induced magnetic potential Aε for the
geometric situations illustrated in Example 6.2. Detailed calculations of Aε
in these cases can be found in [Haa16, Example 5.10].
(i) The horizontal part of Aε reduces to pi∗MAB + εAεH with
Aε=0H (∂Hx ) = B⊥ × `ry,
whereas the vertical part ε2AεV is given at leading order by
Aε=0V (∂y1) = −12B‖`2y2 , Aε=0V (∂y2) = 12B‖`2y1.
Consequently, the magnetic potential of this massive quantum wave-
guide reads
Aε = pi∗MAB + ε
(B⊥ × `ry +O(ε)) dxH + ε2(12`2B‖y +O(ε))× dy.
(ii) Although ג(∂x) does not vanish in the hollow case, its contribution to
the horizontal part AεH is of lower order and may thus be neglected,
i.e.,
Aε=0H (∂Hx ) = B⊥ ×
(
` cos y
` sin y
)
.
As far as the vertical part is concerned, we obtain
Aε=0V (∂y) = 12B‖
(
` cos y
` sin y
)
×
(
−` sin y
` cos y
)
= 12B‖`2
and therefore
Aε = pi∗MAB + ε
(
B⊥ ×
(
` cos y
` sin y
)
+O(ε)
)
dxH + ε2
(
1
2`
2B‖ +O(ε)
)
dy.
Remark 6.4. The intermediate magnetic potential Aεint – and therefore the
resulting pulled-back magnetic potential Aε – may be further simplified if
one deals with infinite curves (B = R) with a trivial topology. In this case,
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we may additionally gauge away the leading part pi∗NBAB by subtracting the
differential of the gauge transformation
(x, n) 7→
∫ x
0
Ax(x′, 0) dx′.
Here, we set A|c(0) = 0 as reference point without loss of generality. Put
differently, the magnetic potential A restricted to the infinite curve c(R) ⊂ R3
can be gauged away completely in both the horizontal and vertical directions.
6.4. Moderate Magnetic Fields (σ = 0). We now come to the examina-
tion of the adiabatic operator that is associated with quantum tubes in the
presence of moderate magnetic fields. Therefore, Theorem 4.4 states that
the only possible influence of the magnetic potential arises both from AB
and from
Aε=0H (∂Hx )
∣∣∣
(x,y)
= Aε=0int (∂#x )
∣∣∣
$(x,y)
= B⊥(x)×$x(y) (26)
averaged against the non-magnetic ground state φ0, A1(∂x) =
〈Aε=0H (∂Hx )〉0.
While the first part AB only depends on the topology of the submanifold B
(AB = 0 for B = R due to Remark 6.4, but AB 6= 0 in general for B = S1),
the second part A1 is affected by the concrete modelling of the waveguide
(fibres) in terms of the embedding $. The following corollary yields easily
verifiable conditions on the geometry which cause a vanishing of the latter
potential A1:
Corollary 6.5. Assume that
(i) massive quantum tubes, dim(F ) = 2:
the map $x is the restriction of a linear map and that the non-
negative ground state φ0(x) is centred for all x ∈ B, i.e., 〈y1〉0 =
0 = 〈y2〉0,
(ii) hollow quantum tubes, dim(F ) = 1:
the centre of mass of each cross-section lies in the origin, i.e., the
integrals∫
Mx
(
$x(y)
)
1
volgMx (y) ,
∫
Mx
(
$x(y)
)
2
volgMx (y)
vanish for all x ∈ B.
Then the adiabatic operator is given by
Hσ=1a = ε
2L
(〈Gεhor〉0 ,AB)+ λ0 + ε2VBH + ε2 〈Vbend〉0 +O(ε2+α)
with errors in L(Kα(B), L2(B)) for all α ∈ [0, 2]. In particular, if B = R is
an infinite curve, there are no magnetic effects within the adiabatic operator,
i.e.,
Hσ=0a = H
nm
a +O(ε2+α).
Proof. The vanishing of A1(∂x) =
〈Aε=0H (∂Hx )〉0 reduces by Eq. (26) to〈(
$x(y)
)
1
〉
0
= 0 =
〈(
$x(y)
)
2
〉
0
.
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While this trivially reduces to (i) if $x is linear, we note for (ii) that φ0(x)
is y-independent at leading order by (14) and may thus be extracted from
the integral. 
Applying this corollary to the two geometrical situations introduced in
Example 6.2, we find the following:
(i) massive example:
We haveMx = F and φ0(x) = Φ0 for all x ∈ B, where Φ0 is the nor-
malised ground state of the Dirichlet Laplacian −∆y on L2(F,dy).
Consequently, the condition of Corollary 6.5(i) reduces to the x-
independent claim on Φ0 to be centred, i.e.,
〈y1〉Φ0 = 0 = 〈y2〉Φ0 , (27)
where 〈g(y)〉Φ0 := 〈Φ0, gΦ0〉L2(F ) for any integrable function g on
F . One possible realisation thereof is a circular disc F = D2 or more
generally an ellipse F = E2.
(ii) hollow example:
We have Mx = S1 = R/2piZ for all x ∈ B, and the condition of
Corollary 6.5(ii) is satisfied since(
$x(y)
)
1
= `(x) cos y
which implies∫
Mx
(
$x(y)
)
1
volgMx (y) = `
2(x)
∫ 2pi
0
cos y dy = 0, (28)
and similarly for the other integral. Consequently, if we assume B =
R, the resulting adiabatic operator is independent of any magnetic
effects up to errors of order ε2+α in L(Kα(R), L2(R)). It is discussed
in great detail within [HLT15, Section 5.2].
Let us finally compare our adiabatic operator with the effective operator
in [KR14, Definition 2.5 with δ = 0]. The geometric situation considered
there corresponds to that of Example 6.2(i) with ` ≡ 1. We refer to this as
rigid massive quantum tubes. In particular, this implies that λ0(x) = λ0 is
constant and we retrieve the case α = 2, where ‖dψ(∂x)‖L2(B) = O(1) for
ψ ∈W 2(B). Therefore, the operator Hσ=0a −λ0 is of order ε2, hence we may
divide it by the same factor and get by Theorem 4.4:
Hσ=0rig := ε
−2(Hσ=0a − λ0) = L(〈Gεhor〉0 ,Aεeff)+ VBH + 〈Vbend〉0 +O(ε2).
Its eigenvalues eventually approximate those of the initial magnetic Lapla-
cian −∆Aδ of the conventional quantum tube T ε ⊂ R3 up to errors of order ε2
by Theorem 3.3. We now compute explicit (local, frame invariant) formulas
for the individual terms appearing in Hσ=0rig which itself is a local operator.
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The Laplacian. Using the expressions (25) and (26) for the horizontal metric
and magnetic potential, respectively, the expansion of the quadratic form of
the Laplacian within the above Hamiltonian equals〈
ψ,L
(〈Gεhor〉0 ,Aεeff)ψ〉L2(B)
=
〈
ψ,−∆ABx ψ
〉
L2(B)
+ 2ε
(〈
∇AB∂x ψ,
〈
r 〈y〉Φ0 , κ
〉
R2 ∇
AB
∂x
ψ
〉
L2(B)
+ Im
〈
ψ,B⊥ × r 〈y〉Φ0 ∇AB∂x ψ
〉
L2(B)
)
+O(ε2 ‖ψ‖2W 1(B)).
The Born-Huang Potential. As far as the non-magnetic Born-Huang poten-
tial is concerned, we observe that
Gεhor(dφ0,dφ0) =
(
1 + 2ε 〈ry, κ〉R2 +O(ε2)
)(
ϕ′(y ×∇y)Φ0
)2
and
divg
(
φ0G
ε
hor(dφ0, ·)
)
= divg
(
Φ0
(
1 + 2ε 〈ry, κ〉R2 +O(ε2)
)
(∂Hx Φ0) ∂
H
x
)
= ∂Hx (Φ0∂
H
x Φ0) + 2ε
[
ϕ′(y ×∇y)
(〈ry, κ〉R2 Φ0ϕ′(y ×∇y)Φ0)
− (〈ry, κ〉R2 ϕ′)′Φ0(y ×∇y)Φ0]+O(ε2)
by means of (24) with ` ≡ 1. In view of Remark 4.2 the first term doesn’t
contribute to VBH and we have
VBH = ϕ
′2 ‖LyΦ0‖2L2(F ) + 2ε
〈[(〈ry, κ〉R2 ϕ′)′ − Ly 〈ry, κ〉R2]Ly〉
Φ0
+O(ε2),
where Ly := y×∇y stands for the (skew-symmetric) vertical angular momen-
tum operator. Again, all introduced objects do not depend on the explicitly
chosen orthonormal frame.
The Bending Potential. Using the fact that ρε = 1−ε 〈ry, κ〉R2 , the formulas
of [HLT15, Section 4.3] lead to
ε2L(pi∗MgB, 0) ln ρε = ε
3
〈
ry, κ′′
〉
+O(ε4)
and
ε2L(gV, 0) ln ρε = gV(d ln ρε, d ln ρε)
= ε2
(
1 + 2ε 〈ry, κ〉R2
) ‖κ‖2R2 +O(ε4).
Thus, the bending potential reads
Vbend = −14 ‖κ‖2R2 − 12ε
(
‖κ‖2R2 〈ry, κ〉R2 +
〈
ry, κ′′
〉
R2
)
+O(ε2).
and hence
〈Vbend〉0 = −14 ‖κ‖2R2 − 12ε
(
‖κ‖2R2
〈
r 〈y〉Φ0 , κ
〉
R2 +
〈
r 〈y〉Φ0 , κ′′
〉
R2
)
+O(ε2).
QUANTUM WAVEGUIDES WITH MAGNETIC FIELDS 31
Conclusion. We conclude that the leading contribution of Hσ=0rig equals
−∆ABx + ϕ′2 ‖LyΦ0‖2L2(F ) − 14 ‖κ‖2R2
which is in accordance with [KR14, Theorem 2.6 with δ = 0] for infinite
curves. The subsequent order of Hσ=0rig incorporates magnetic effects in terms
of AB and B⊥. If Φ0 is centred (27), this O(ε)-contribution to the Hamil-
tonian reduces to the potential
2ε
〈
Φ0,
[(〈ry, κ〉R2 ϕ′)′ − Ly 〈ry, κ〉R2]LyΦ0〉
L2(F )
Here, in particular, we observe that magnetic effects induced by B⊥ are not
occurrent at this order as stated by Corollary 6.5(i). Moreover, if in addition
the cross-section F (and, therefore, the non-magnetic ground state Φ0) is
rotationally invariant, it holds that LyΦ0 = 0 and this potential vanishes.
6.5. Strong Magnetic Fields (σ = 1). We continue with the analysis
of the adiabatic operator for the framework of quantum tubes with strong
magnetic fields.
6.5.1. The Case α = 0. While hollow quantum waveguides always pos-
sess spectrum below this energy regime (more precisely, the constant non-
magnetic ground state band in the hollow cases induces spectrum of order
ε2 above the bottom), the regime α = 0 corresponds to the low-lying part
of the spectrum of generic massive quantum waveguides. Therefore, we ex-
pand Hσ=1a from Corollary 5.2 for massive quantum tubes as an operator in
L(K0(B), L2(B)), i.e., on states ψ ∈W 2(B) with ‖εdψ(∂x)‖L2(B) = O(1).
The effective magnetic potential Aεeff = AB + εA1 is (locally) given by
Aεeff(∂x)|x
(26)
= Ac(x)
(
c′(x)
)︸ ︷︷ ︸
=AB(∂x)
+ε B⊥(x)× 〈$x(y)〉0︸ ︷︷ ︸
=A1(∂x)=〈Aε=0H (∂Hx )〉0
.
Moreover, the incorporated metric (evaluated on one-forms) reads
〈Gεhor〉A (dx,dx) = 1 + 2ε 〈ϑε=0〉0 +O(ε2)
= 1 + 2ε
〈〈
$x(y)
〉
0
, κ
〉
R2 +O(ε2)
by Equation (25) and the comment after Corollary 5.2. Thus, we get the
following expansion for the adiabatic operator:
Hσ=1a = −∇ε
−1Aεeff
ε∂x
((
1 + 2ε 〈ϑε=0〉0
)∇ε−1Aεeffε∂x ·)+ λ0 +O(ε2)
= −ε2(1 + 2ε 〈ϑε=0〉0)∆ε−1Aεeffx + λ0 +O(ε2).
The relevant quantities herein, that correspond to the geometric setting of
Example 6.2(i) and Example 6.3(i), are given by
〈ϑε=0〉0 = ` 〈r 〈y〉0 , κ〉R2 , A1(∂x) = B⊥ × `r 〈y〉0 (29)
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and thus vanish for a centred non-magnetic ground state φ0, eventually lead-
ing to
Hσ=1a = −ε2∆ε
−1AB
x + λ0 +O(ε2)
is this case.
6.5.2. The Case α = 2. We intend to discuss the main magnetic effects
within the adiabatic operator if the unperturbed ground state band λ0(x) =
λ0 is constant. Therefore, in order to apply Theorem 3.3, we restrict ourselves
to infinite curves (B = R), where AB = 0. It turns out that the resulting
operators are of order ε2 in L(K2(R), L2(R)), where ‖dψ(∂x)‖L2(R) = O(1)
for ψ ∈W 2(R). In view of Theorem 5.1, we obtain
ε−2
(
Hσ=0a − λ0
)
= L
(〈Gεhor〉A ,AP )+ λ0,2 + 〈Vbend〉A + V ABH +Dmag +O(ε2),
where λ0,2 = limε→0 ε−2(λA−λ0) is the second-order correction of the mag-
netic ground state band to λ0. By Theorem 3.3 we could achieve an accu-
racy of order ε2 for the approximation of the initial Laplacian −∆ε−1Aδ of
the conventional quantum tube T ε ⊂ R3. We, however, focus on the leading
contribution of these adiabatic operators and hence on the main magnetic
effects.
• The leading order of the Laplacian is given by −∆A1x . In view
of (13), the expansion of the averaged bending potential reads
〈Vbend〉A =
{
−14 ‖κ‖2R2 +O(ε), mas.
O(ε), hol. .
• Standard perturbation theory reveals that (see for example [Kat80,
Section II – § 2])
λ0,2(x) =
∥∥Aε=0V φ0∥∥2L2(T∗Mx) − 〈φ0, HV1 φ0,1〉L2(T∗Mx) , (30)
where
φ0,1 = −(HV0 − λ0)−1P⊥0 HV1 φ0
and
HV1 = d
∗(iAε=0V )+ (iAε=0V )∗d.
We mention that λ0,2 is non-negative due to the diamagnetic in-
equality [FH10] and may be expressed more concretely in the fol-
lowing sense: Let {ζk(x)}k≥0 be an orthonormal basis of the vertical
non-magnetic Laplacian −∆V(x) = −∆gMx on L2(Mx) with eigen-
values {λk(x)}k≥0, then one has
λ0,2(x) =
∥∥Aε=0V ∥∥L2(T∗Mx) (31)
+
∑
k>0
∣∣∣〈dζk,Aε=0V ζ0〉L2(T∗Mx) − 〈Aε=0V ζk, dζ0〉L2(T∗Mx)∣∣∣2
λk − λ0
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We note that, in the hollow case, the corrections to λ0,2 that arise
from HV0 = −∆V + O(ε) (inducing an O(ε)-deviation between the
corresponding eigenfunctions) are of higher order and may thus be
neglected.
• In view of Remark 4.2, the expansion of the magnetic Born-Huang
potential equals
V ABH =
∥∥dφ0 + iA0P⊥∥∥2L2(H∗M |Mx ) − 12(〈ηˆ〉0)′ +O(ε),
where A0
P⊥ := P
⊥
0 Aε=0H φ0 ∈ C∞(H∗M)⊗ P⊥0 H and ηˆ ∈ C∞(M) is
the projected mean curvature vector along ∂Hx . Herein, we used the
fact that
〈
φ0,A0P⊥(∂Hx )
〉
L2(Mx)
= 0. Furthermore, the first term of
this leading order contribution can be rewritten as follows:∥∥dφ0 + iA0P⊥∥∥2L2(H∗M |Mx )
= ‖dφ0‖2L2(H∗M |Mx ) +
∥∥Aε=0H φ0∥∥2L2(H∗M |Mx ) − (〈φ0,Aε=0H (∂Hx )φ0〉L2(Mx)︸ ︷︷ ︸
=A1(∂x)
)2
.
• The first-order differential operator
Dmag = −2i
(〈
φ0,A0P⊥(∂Hx )
〉
L2(Mx)︸ ︷︷ ︸
=0
+O(ε)
)
∇A1∂x
vanishes at leading order.
Consequently, we conclude that
ε−2
(
Hσ=0a − λ0
)
=−∆A1x + λ0,2 − 14 ‖κ‖2R2 + ‖dφ0‖2L2(H∗M |Mx ) −
1
2
(〈ηˆ〉0)′
+
∥∥Aε=0H φ0∥∥2L2(H∗M |Mx ) − (A1(∂x))2 +O(ε) (32)
with errors in L(W 2(R), L2(R)), where the κ-potential is not present for
hollow quantum waveguides.
Massive Waveguides. Let us evaluate the resulting operator (32) in more
detail for rigid massive quantum tubes (η = 0) as discussed at the end of
the previous section, corresponding to the geometric framework of Exam-
ple 6.2(i) with ` ≡ 1. We recall that Aε=0H (∂Hx ) = B⊥ × ry in this case and
thus A1(∂x) = B⊥ × r 〈y〉Φ0 by (29), where Φ0 stands for the normalised
ground state of the Dirichlet Laplacian −∆y on L2(F,dy). Consequently, we
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retrieve with ∂Hx = ∂
pr
x − ϕ′Ly:
Hσ=1rig := ε
−2(Hσ=1a − λ0) (33)
= −∆B
⊥×r〈y〉Φ0
x + λ0,2 − 14 ‖κ‖2R2 + ϕ′
2 ‖LyΦ0‖2L2(F )
+
∥∥∥(B⊥ × ry)Φ0∥∥∥2
L2(F )
− (B⊥ × r 〈y〉Φ0)2 +O(ε)
=
〈
Φ0,−∆B×ryH (·Φ0)
〉
L2(F )
+ λ0,2 − 14 ‖κ‖2R2 +O(ε).
The last transformation follows from a straightforward calculation, using the
fact that
0 = d
(
‖Φ0‖2L2(F )︸ ︷︷ ︸
=1
)
= 2
〈
Φ0, dΦ0(∂
H
x )
〉
L2(F )
= 2 〈Ly〉Φ0 .
This operator exactly coincides with the effective operator in [KR14, Defini-
tion 2.5 with δ = 1]. We also find the same representation for the correction
λ0,2 of the ground state band:
λ0,2
eqrefeq:phi01
= B‖2
(
1
4
〈
‖y‖2R2
〉
Φ0
− 〈Φ0,−iLyΦ0,1〉L2(F )
)
.
We eventually note that this operator reduces to
Hσ=1rig = −∂2x + ϕ′2 ‖LyΦ0‖2L2(F ) − 14 ‖κ‖2R2
+ B‖2
(
1
4
〈
‖y‖2R2
〉
Φ0
− 〈Φ0,−iLyΦ0,1〉L2(F )
)
+
∥∥∥(B⊥ × ry)Φ0∥∥∥2
L2(F )
+O(ε)
if Φ0 is centred (27). We finally consider the case where F is rotationally
invariant and without loss of generality ϕ ≡ 0 (i.e., r = 12×2). This yields
that Φ0 is rotationally invariant and, in particular, centred. The rotational
invariance implies LyΦ0 = 0 and thus∥∥∥(B⊥ × y)Φ0∥∥∥2
L2(F )
= (B⊥1 )2
〈
y22
〉
Φ0
+ (B⊥2 )2
〈
y21
〉
Φ0
− 2B⊥1 B⊥2 〈y1y2〉Φ0︸ ︷︷ ︸
=0
= 12
∥∥∥B⊥∥∥∥2
R2
〈
‖y‖2R2
〉
Φ0
.
Therefore, using the fact that
〈Φ0,−iLyΦ0,1〉L2(F ) = 〈−iLyΦ0,Φ0,1〉L2(F ) = 0
due to integration by parts and Φ0|∂F = 0, the corresponding adiabatic
operator furthermore reduces to
Hσ=1rig = −∂2x − 14 ‖κ‖2R2 + 14
〈
‖y‖2R2
〉
Φ0
(B‖2 + 2 ∥∥∥B⊥∥∥∥2
R2
)
+O(ε).
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Example 6.6. If we assume that F is the circular disc with radius %, a small
calculation shows that〈
‖y‖2R2
〉
Φ0
=
j201 − 2
3j201
%2 ≈ 0.218%2,
where j01 ≈ 2.405 denotes the first zero of the zeroth Bessel function J0 of
first kind.
Hollow Waveguides. We continue the analysis of (32) for hollow quantum
tubes with F = S1 = R/2piZ as introduced in Example 6.2(ii). We first note
that
φ0(x)
(14)
= VolgMx (S
1) +O(ε) = 1√
2pi`(x)
+O(ε), gMx = `2(x)dy ⊗ dy
which entails dφ0(∂Hx ) = −12(ln `)′φ0 +O(ε). This together with ηˆ = −(ln `)′
then gives
‖dφ0‖2L2(H∗M |Mx ) −
1
2
(〈ηˆ〉0)′ = 14(ln `)′2 + 12(ln `)′′ +O(ε)
= 12
`′′
` − 14
(
`′
`
)2
+O(ε).
Considering the magnetic terms, we have A1(∂x) = O(ε) due to (28). More-
over, ∥∥∥Aε=0H (∂Hx )φ0∥∥∥2
L2(Mx)
=
1
2pi
∫ 2pi
0
[
B⊥ ×
(
` cos y
` sin y
)]2
dy +O(ε)
= 12`
2
∥∥∥B⊥∥∥∥2
R2
+O(ε).
It remains to evaluate the correction λ0,2 using (31). To do so, we introduce
the basis {
ζe0, {ζek, φok}k≥1
}
of orthonormal eigenfunctions of −∆V = −`−2 ∂2y on L2(S1, `dy), where
ζe0 =
1√
2pi`
and
ζek =
1√
pi`
cos(ky) , ζok =
1√
pi`
sin(ky)
with eigenvalues λk = k2/`2. The first term of (31) then equals∫ 2pi
0
1
`2
(
1
2`
2B‖ζe0
)2
`dy = 14B‖
2 〈ζe0, ζe0〉L2(S1,` dy)︸ ︷︷ ︸
=1
,
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while the second one reads
∑
k≥1
∑
•∈{e,o}
∣∣∫ 2pi
0
1
`2
(∂yζ
•
k)
(
1
2`
2B‖ζe0
)− 1
`2
(
1
2`
2B‖ζ•k
) =0︷ ︸︸ ︷
(∂yζ
e
0) `dy
∣∣2
k2/`2
=
∑
k≥1
1
2
`2
k2
B‖2
(∣∣〈∂yζek, ζe0〉L2(S1,` dy)∣∣2 − ∣∣〈∂yζok , ζe0〉L2(S1,` dy)∣∣2)
=
∑
k≥1
1
2`
2B‖2
(∣∣〈ζok , ζe0〉L2(S1,` dy)︸ ︷︷ ︸
= 0 for all k ≥ 1
∣∣2 − ∣∣〈ζek, ζe0〉L2(S1,` dy)︸ ︷︷ ︸
= 0 for all k ≥ 1
∣∣2)
= 0.
Finally, we gather all terms of (32) and find
Hσ=1hol = ε
−2(Hσ=1a − λ0)
= −∂2x + 12 `
′′
` − 14
(
`′
`
)2
+ 14`
2
(B‖2 + 2 ∥∥∥B⊥∥∥∥2
R2
)
+O(ε).
We observe a similar magnetic contribution, proportional to B‖2 +2 ∥∥B⊥∥∥2R2 ,
as in the case of rotationally invariant massive quantum tubes above. We
finally mention that the non-magnetic part
−∂2x + 12 `
′′
` − 14
(
`′
`
)2
of Hσ=1hol was already found in [HLT15, Equation (45)].
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